Abstract. We observe that the state space of Landau-Ginzburg isolated singularities is simply a special case of Chen-Ruan orbifold cohomology relative to the generic fibre of the potential. This leads to the definition of the cohomology of hybrid Landau-Ginzburg models and its identification via an explicit isomorphism to the cohomology of Calabi-Yau complete intersections inside weighted projective spaces. The combinatorial method used in the case of hypersurfaces proven by the first named author in collaboration with Ruan is streamlined and generalised after an orbifold version of the Thom isomorphism and of the Tate twist.
Introduction
Landau-Ginzburg models play a central role in mirror symmetry. The simplest examples are the following isolated singularities: weighted-homogeneous polynomials W : C n → C with smooth fibres outside the origin and a single isolated singularity in the special fibre over the origin. They played a key role in the early development of quantum cohomology, giving some of the first examples of Frobenius manifolds and allowing to verify mirror symmetry statements. They have recently acquired a new status with the definition of their quantum invariants by Fan, Jarvis and Ruan [16] (FJRW theory) and later by Polishchuk and Vaintrob [33] (cohomological field theory of matrix factorisations). These advances make it possible to obtain equivalences between Landau-Ginzburg models and Calabi-Yau models without necessarily passing through mirror symmetry [9] . It is now also possible to state mirror symmetry between Landau-Ginzburg models both at the level of cohomological invariants and at the level of quantum cohomology invariants (see [16, 27, 2] ). There are many consequences: for instance the absence of any Calabi-Yau conditions in mirror statements can be effectively used (see for instance [16, 27] ); furthermore, the computational power appears higher: We refer to approaches beyond concavity and in higher genus, see [16, 18, 19, 10] ). This paper starts from the definition by Fan, Jarvis and Ruan [16] of the state space H(W ) of the Landau-Ginzburg model W : [C n /µ µ µ d ] → C, where W is a potential with isolated singularity and µ µ µ d is the corresponding monodromy action
Here Q f stands for the Jacobian ring, or chiral algebra, attached to a potential f (1) Q f = dx 1 ∧ · · · ∧ dx n ⊗ Jac(f ) = dx 1 ∧ · · · ∧ dx n ⊗ C[x 1 , . . . , x n ]/(∂ 1 f, . . . , ∂ n f ), and W g is the restriction of W to the g-fixed space C ng in C n . As pointed out by the authors of [16] , the crucial ingredient Q and the orbifolding procedure appear already in the definition of the states of Landau-Ginzburg models in Intriligator-Vafa [23] and in Kaufmann's work [24] , [25] , [26] in the definition of B-model invariants. This state space is bi-graded by applying to each term (Q Wg ) µ µ µ d an explicit formula: the somewhat ad hoc bigrading
, where age is the additive morphism Rµ µ µ r → Q mapping k ∈ (µ µ µ r ) ∨ = Z/r with 0 ≤ k < r to k/r.
The cohomological LG/CY correspondence for CICY. In this paper we recognise that H(W ) is nothing but an occurrence of relative orbifold Chen-Ruan cohomology: for a Calabi-Yau hypersurface X W = V (W ) we consider the cohomological Landau-Ginzburg model
on the zero-dimensional weighted projective space P(d). Then, when W 1 , . . . , W r define a smooth complete intersection inside P(w w w), we set
where W may be regarded as a C-valued function, via the Cayley trick W = r i=1 p i W i (x x x) (see for instance [37, 5.4] ). In physics literature, it is common to refer to the coordinates of P(d d d) as massive or ground coordinates and to the coordinates along the fibres of O(−w w w) as massless coordinates, and to refer to C-valued potentials such as W effectively involving both types of variables as hybrid (see, for instance, [37, 5.4] and [20] ).
Finally, by a variation of stability condition one gets the counterpart of this hybrid model: the morphism W : O P(w w w) (−d d d) → C which, after the same relative cohomology computation as above, turns out to be isomorphic to the cohomology of the complete Calabi-Yau intersection V (W 1 , . . . , W r ) inside P(w w w) (see Prop. 3.4 with G = 1). The two LG and CY models are related by the following theorem. We refer to Theorem 5.1 and Corollary 5.2 for the complete statement involving group quotients of complete intersections. [29] proves the invariance of the elliptic genus in a more general setup which includes complete intersections and several other GIT quotients (we recall that, after specialisation, the elliptic genus gives a combination of Hodge numbers, see e.g. [3] ). It is also worth-while pointing out how, in Libgober's treatment, Calabi-Yau models, LandauGinzburg models and their hybrid versions are precisely characterised in geometric terms, see [29, Defn. 2.3] .
Theorem (cohomological LG/CY correspondence for CICY). For any smooth complete intersection
Here, our main focus is how the Landau-Ginzburg/Calabi-Yau correspondence follows from several properties of Chen-Ruan cohomology of independent interest. We illustrate it in the rest of the introduction.
Thom isomorphism in Chen-Ruan cohomology and the Tate twist. The LG/CY statement, and the more general Thm. 5.1 including group actions, relies on a version of the Thom isomorphism in ordinary cohomology
where, by the Tate twist "(r)", the isomorphism preserves the bi-degree. Notice that, due to its age-shifted degree, Chen-Ruan orbifold cohomology does not satisfy (4) in the above form. However, by replacing P(w w w) with the total space of the vector bundle
we get a Thom isomorphism statement (see Prop. 3.4 for the general statement).
Proposition (Thom isomorphism in orbifold cohomology). We have a canonical isomorphism
This is interesting in its own right and explains, the ad hoc bi-degree shift (2) in a geometric way: in Calabi-Yau cases it is merely the Tate twist in the Thom isomorphism.
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In the same spirit, let us point out how the present description of the state space clarifies in classical geometric terms the dichotomy between narrow and broad sectors, which, following [16] , depends on the condition that the space of g-fixed points is or is not reduced to the origin. This dichotomy does not generalise as such in the complete intersection case. However, in our relative cohomology picture broad states are simply those that lie in the kernel of the natural morphism H * CR (O(−w w w), W −1 (t 0 )) → H * CR (O(−w w w)). In this way "broad" is nothing but a generalisation of the classical notion of primitive.
We also feel that the generalisation of Gysin sequences and Thom isomorphisms in Chen-Ruan orbifold cohomology is worth pursuing further in view of a well-behaved setup for an orbifold cohomology theory.
An algebraic model for the quantum theory of hybrid models. We finally notice how, using the Thom isomorphism, the theorem stated above follows from a bi-degree preserving isomorphism
This isomorphism holds by K-equivalence but can be expressed directly via a combinatorial argument which, with respect to [7] , is greatly simplified.
By relying on this identification and on the classical descriptions of the primitive cohomology of complete intersections [13, 30] , we derive an algebraic model of the cohomology of CalabiYau complete intersection in terms of the Jacobian ring; see Theorem 4.3. This type of algebraic presentation of cohomology classes has been proven crucial on many occasions in the formulation and proof of mirror symmetry statements.
The cohomology groups H(W 1 , . . . , W n ) developed in this paper, have already been used to provide a quantum correspondence between Calabi-Yau complete intersections inside projective spaces and hybrid Landau-Ginzburg models, see Clader [11] . Recently, Fan, Jarvis and Ruan provided a generalisation of their theory based on the state space H(W 1 , . . . , W n ), see [17] . Clader establishes a correspondence between the quantum D-modules attached to complete intersection of CY type within P(C n ) and the corresponding hybrid LG models. Her correspondence depends on the choice of an analytic continuation which should mirror the parallel transport along the Gauß-Manin connection on the B-side. In this way, all isomorphisms arising at the cohomological level from these quantum correspondences should depend on the path chosen for the parallel transport. In this perspective it is interesting how our proof of Theorem 5.1 provides a combinatorial method for writing an isomorphism explicitly. Therefore, our isomorphism could provide a useful tool to study the monodromy operators in the future.
Structure of the paper. We recall the setup in §2, develop the Calabi-Yau side in §3, the LandauGinzburg side in §4, and their correspondence in §5.
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Setup
We consider a complete intersection of r < n hypersurfaces in the weighted projective space P(w w w) := P(w 1 , . . . , w n ). Let W 1 , . . . , W r be quasi-homogeneous polynomials of degree d 1 , . . . , d r in 1 This interpretation of the overall shift-by-total-charge
in (2), may lead to the correct interpretation of the age shift too; it may be worth-while to point out here Denef-Loeser's [12] view on the age grading as a representation-theoretic analogue of the weight in Hodge theory, see Miles Reid [31, §2] .
the variables x 1 , . . . , x n of coprime weights w 1 , . . . , w n . We assume that X W is a non-degenerate complete intersection, i.e., (i) the choice of weights w 1 , . . . , w n is unique; (ii) {W 1 = 0, . . . , W r = 0} ⊂ C n is smooth outside the origin. Assumption (ii) holds if and only if the Jacobian matrix J = (∂ j W i (p)) i,j has rank r for any p ∈ {x x x ∈ C n | W 1 = · · · = W r = 0} \ {0 0 0}. Then, inside the Deligne-Mumford stack P(w w w), we get a smooth complete intersection
We further assume that X W is of Calabi-Yau type in the following sense: we impose that the canonical sheaf is trivial, in other words (iii)
We consider a group Γ ⊂ (C × ) n of diagonal matrices γ whose diagonal entries are of the form (γ 1 , . . . , γ n ) = αλ := (α 1 λ w 1 , . . . , α n λ wn ) with W i (α 1 x 1 , . . . , α n x n ) = W i (x 1 , . . . , x n ), all i and λ ∈ C × . We assume that Γ contains the torus {λ = (λ w 1 , . . . , λ wn ) | λ ∈ C × }; this is automatically its identity component Γ 0 , and we write G for the group of connected components Γ/Γ 0 . By (i), G is finite (see for instance [16, Lem. 2 
.18]). The quotient stack [U/Γ], with
We introduce for all γ ∈ Γ the following notation 
where f belongs to the maximal ideal m γ spanned by the variables x j not fixed by γ (i.e. γ j = α j λ w j = 1). In fact, since the action is diagonal, we have f ∈ (m γ ) 2 , which implies that, after restriction to C n γ , the partial derivatives ∂ j W i and ∂ j W i,γ coincide for all j = 1, . . . , n. In particular, by (ii), we have W i,γ = 0.
Calabi-Yau side.
On the Calabi-Yau side of the correspondence, we consider the Chen-Ruan orbifold cohomol-
Since the groups acting are Abelian, we can express this explicitly as a direct sum of Γ-invariant parts of cohomology groups
where a γ is the age of the action of γ on the tangent bundle of X W at a point of X W,γ and X W,γ is the quotient stack
where P(w w w) γ is the weighted projective space spanned by the γ-fixed coordinates x j .
Remark 3.1. We remark that the
restricted polynomials that do not vanish on C n γ define a smooth complete intersection of r γ hypersurfaces; indeed, the Jacobian matrix of the complete intersection in C n γ has r γ rows which, as pointed out above, coincide with the restrictions of the corresponding rows in the Jacobian matrix of X W and, by (ii), form a matrix of rank r γ at the points of C n γ where W i,γ = 0 for all i. Remark 3.2. All stacks considered in this paper are Deligne-Mumford stacks which are global quotients [Y /H]. In these cases when we consider ordinary cohomology with coefficients in Q of the stack [Y /H] and of the coarse scheme Y /H we get the same result via a canonical isomorphism. The groups H considered in this paper are at worse finite extensions of tori operating with finite stabilisers. Sometimes we consider non-faithful actions: H → Aut(Y ) with nontrivial kernel K. In these cases it is important to notice that, whereas for ordinary cohomology it does not matter if we consider [Y /H] or [Y /(H/K)], when it comes to Chen-Ruan orbifold cohomology these two stacks yield different cohomology groups, as the formula recalled above obviously shows.
As a consequence of these considerations we point out that in the above formula for Chen-Ruan orbifold cohomology H "Landau-Ginzburg models" is an expression often used for C-valued functions defined on vector spaces or, more generally on vector bundles, as in this paper. In this context, the Cvalued functions are often called superpotentials. In order to relate the Calabi-Yau complete intersection X W to a Landau-Ginzburg model, we rephrase its cohomology in terms of relative cohomology of a vector bundle.
For any i = 1, . . . , r, we can define a character χ i : Γ → C × by mapping αλ → λ d i ; indeed, if α and β ∈ (C × ) n preserve all polynomials W i and satisfy αλ = γ = βµ ∈ Γ for some λ, µ ∈ C × , then we have In this way, we can define a Γ-action on C n+r by γ · (x 1 , . . . , x n , p 1 , . . . , p r ) = (γ 1 x 1 , . . . , γ n x n , χ 1 (γ) −1 p 1 , . . . , χ −1 r (γ)p r ), or, more explicitly, by αλ · (x x x, p p p) = (α 1 λ w 1 x 1 , . . . , α n λ wn x n , λ −d 1 p 1 , . . . , λ −dr p r ). We consider the Γ-invariant C-valued function
The fibre M = {W = t 0 } over any point t 0 = 0 in C is smooth and its cohomology does not depend on the choice of t 0 ∈ C × . We consider
which we identify with the total space over P(w w w). If we consider the Γ-action on C n+r , we study the corresponding (total space of the) vector bundle Proof. On both sides we have a direct sum over γ ∈ Γ involving Γ-invariant classes of X W,γ and of the pair (O w w w (−d d d) γ , F γ ). We notice that γ acts with age a γ on the tangent bundle of X W and with age a γ + (r − r γ ) on the tangent bundle of O w w w (−d d d) . Indeed, using the chain of inclusions X W ⊂ P(w w w) ⊂ O w w w (−d d d) (the last one being obtained by identifying P(w w w) with the zero section) one readily shows that the normal bundle of
Proposition 3.4. We have a canonical isomorphism
For any fixed element γ ∈ Γ, in view of age computations, we may ignore the r γ summands of O w w w (−d d d) where γ acts trivially. Since, for a nontrivial character χ, age(χ) + age(χ −1 ) = 1 we obtain the desired age shift difference r − r γ .
Finally we need to check
which requires the following analysis of F γ .
Lemma 3.6. For any γ ∈ Γ, if r γ < n γ , then X W,γ is nondegenerate and we have
Proof. Set X = X W,γ and F = F γ . By abuse of notation we write P(w w w) γ as P(w w w), n γ and r γ as n and r. Consider the projection map π : F → P(w w w). Since we may regard F as the variety defined by the equation i p i W i (x) = 1, the fiber π −1 (x) is empty if x ∈ X and an affine hyperplane isomorphic to A r−1 if x / ∈ X. More precisely, π is a locally trivial fibration over P(w w w) \ X with fiber A r−1 (trivialize over the open subsets U i = {x x x ∈ P(w w w)|W i (x x x) = 0}). Hence H * (F ) ∼ = H * (P(w w w) \ X). As X is a Q-homology manifold we have an isomorphism of Hodge structures H k (P(w w w), P(w w w) \ X; Q) ∼ = H k−2r (X; Q)(−r).
Hence the long exact sequence of relative cohomology for the pair (P(w w w), P(w w w) \ X) can be rewritten as
where cohomology is with Q-coefficients and the Gysin map i * is Poincaré dual to the map
The result then follows from the Lefschetz hyperplane theorem.
We now continue the proof of Proposition 3.4 If r γ < n γ and X W is nondegenerate then
because the pullback via π :
and H k (P(w w w) γ , P(w w w) γ \ X W,γ )) ∼ = H k−2r (X W,γ )(−r) as we have seen above. If r γ ≥ n γ the same results hold, with X = ∅.
Hybrid Landau-Ginzburg side
On the other side we consider the open set
and the (total space of the) vector bundle
which we simply denote by O d d d (−w w w). We notice that the Milnor fiber M = W −1 (t 0 ) for t 0 = 0 is contained in both U CY and U LG . Its cohomology does not depend on t 0 and, after modding out the C × -action, has been completely described in Lemma 3.6. We recall that Γ is a group of diagonal symmetries acting on C n ; as in the previous section we extend its action to C n × C r . We now consider the hybrid LG model 
where G is the component group Γ/Γ 0 .
Remark 4.2. We point out that the space H p,q (W 1 , . . . , W r ) defined in (3) coincides with the above definition for Γ = C × .
We can describe in greater detail the relative Chen-Ruan orbifold cohomology
or, more explicitly,
where d d d γ and w w w γ are the multi-indices obtained by suppressing the entries i and j for which γ i = 1, and a γ is the age of the action of γ on C n × C r . We recall again that
This allows us to give an explicit presentation of FJRW cohomology as a direct sum of two types of terms reflecting the hybrid nature of our Landau-Ginzburg models: a chiral algebra term computing the primitive cohomology via the Jacobian ring, and a term computing the fixed cohomology.
The analogue of the chiral algebra of the Jacobian ring of an isolated singularity is defined as follows. For any smooth complete intersection of r hypersurfaces {W i = 0} (with i = 1, . . . , r) inside a weighted projective space of n > r coordinates we consider the generalised chiral algebra
. This is the Jacobian ring from [13] or [30] tensored with the topdegree form. Its C × -invariant part is finite dimensional. For D = n − r − 1, by [13, Thm. 7 
If we assign bi-degree ( D − k, k) to each term of Q W degree k in the variables p 1 , . . . , p r we may regard the above isomorphism as a bi-degree preserving isomorphism. Note that in both papers cited above the result is stated for complete intersections in projective space; the same proof goes through in the case of weighted projective spaces [13, Remark 18 (i) ]. Finally for any non-negative integer n and for any r ≥ n we need to consider the cohomology of P(d d d) in degrees 0, . . . , 2r − 2n − 2. We write the bi-degree preserving identification
where dt(− n) ⊗ t k has bidegree ( n, n) + (k, k).
Theorem 4.3. We have
, where H γ with its double grading is given by
The proof follows from the analysis of the relative cohomology of (O P(d d dγ ) (−w w w γ ) γ , F γ ) for each sector. We assume G = 1 for simplicity; as we saw above, nontrivial groups G can be treated easily by the same argument. By abuse of notation we write d d d, w w w and F instead of d d d γ , w w w γ and F γ . The following lemma provides a complete picture.
Lemma 4.4. If r < n and X is a nondegenerate complete intersection, then
give an inclusion of pairs
We shall calculate the relative cohomology
, F ) using the exact sequence of relative cohomology
We have
To calculate
and the previous results for O w w w (−d d d) . Using the long exact sequence
coming from the inclusion of pairs 
As an immediate corollary we get the desired isomorphism.
Corollary 5.2. There exists an explicit bidegree preserving isomorphism
Proof of Theorem 5. We shall identify the CY and the LG side for every connected component of Γ. Each component is of the form gλ for a fixed diagonal symmetry of W 1 , . . . , W n . We express g as the diagonal matrix whose n + r entries on the diagonal are (exp(2πia 1 ), . . . , exp(2πia n ), 1) with a i ∈ [0, 1[. We write λ = exp(−2πit).
Let γ = gλ with g and λ as above. We denote the fractional part of x by x = x − ⌊x⌋. ⌊w j t − a j ⌋ w j t − a j ∈ Z ⌊w j t − a j ⌋ − 1 w j t − a j ∈ Z.
The generators of CY and LG arising from Γ can be easily pictured in the following diagram representing on concentric circles the angular coordinates of the elements of µ µ µ w 1 ⊔ · · · ⊔ µ µ µ w N (black dots) and of µ µ µ d 1 ⊔ · · · ⊔ µ µ µ dr (white dots).
Let us illustrate how the white and black dots correspond to generators of LG and CY, respectively. Notice that, by construction, a ray {ρλ | ρ ∈ R + } carries r λ white dots and n λ black dots. The white dots correspond to the states LG . The total number of black dots equals the total number of white dots, i.e. D = j w j = i d i . We can order all the dots in lexicographic order starting from CY 0 ; we get x 1 , x 2 , . . . , x 2D . Then, by the above formulae, the cohomological Chen-Ruan degree of a state corresponding to x i is j a j plus the following function f (x i ) = #{y black | x 1 ≤ y < x i } − #{y white | x 1 ≤ y ≤ x i }. We can identify each term x i with the integer i and extend this degree function to a piecewise linear real function defined on ]
